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Abstract
A bijection is de*ned between the set of all bushes with n + 1 leaves and the set of all
Schr'oder paths of semilength n. This shows bijectively the relation Rn =2Sn between the large
and small Schr'oder numbers. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
The small Schr&oder numbers Sn; for n¿ 0; occur in various enumeration problems.
We mention only three of them:
(i) Sn is the number of ordered trees with no node of outdegree one and with n+ 1
leaves;
(ii) Sn is the number of dissections of a convex (n+ 2)-gon;
(iii) Sn is the number of generalized bracketings of a string of n + 1 letters, as *rst
considered by Schr'oder.
The equivalence of these three de*nitions can be easily shown with the aid of well-known
bijections (see, for example, [8,9]). From any of the three de*nitions one can *nd by
straightforward counting that S0 = 1; S1 = 1; S2 = 3; S3 = 11; S4 = 45.
We would like to point out Stanley’s captivating exposition [8] on these numbers,
including historical facts going back to the 2nd century B.C.
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The large Schr&oder numbers Rn; for n¿ 0; also occur in various enumeration prob-
lems. Again we mention only three of them:
(I) Rn is the number of lattice paths in the plane from (0; 0) to (2n; 0) with steps
(1; 1); (2; 0); and (1;−1); that never go below the horizontal axis (these paths
will be called Schr&oder paths of semilength n);
(II) Rn is the number of lattice paths in the plane from (0; 0) to (2n; 0) with steps
(1; 1); and (1;−1); that never go below the horizontal axis (i.e. Dyck paths) with
each peak colored either black or white;
(III) Rn is the number of parallelogram polyominoes of perimeter 2n + 2 with each
column colored either black or white.
The equivalence of de*nitions (I) and (II) follows from a very simple bijection:
color the peaks white and then replace each (2; 0) step by a peak (i.e. a pair of steps
(1; 1); (1;−1)); colored black. The equivalence of de*nitions (II) and (III) follows at
once from a well-known bijection between Dyck paths and parallelogram polyominoes
(see, for example, [2, p. 182]). From any of the three de*nitions one can *nd by
straightforward counting that R0 = 1; R1 = 2; R2 = 6; R3 = 22; R4 = 90.
Other occurrences of the small and large Schr'oder numbers are listed in [9]. Some
pertinent references are [1,4–6].
It is well known that Rn =2Sn for n¿ 1 (see, for example, [9, pp. 178, 219, 256]).
Its simple, basically known analytic proof is given in the next section. Recently, Shapiro
and Sulanke [7] and Sulanke [10] have given a bijective proof of this equality. The
purpose of this note is to give another bijective proof (Section 3).
2. A generating function proof
In this section we prove Rn =2Sn for n¿ 1 using generating functions. This proof,
due to its straightforward nature, is certainly not original and it is presented to give
perspective to the bijective proof of Section 3.
An ordered tree in which no node, the root excepted, has outdegree equal to 1
is called a bush (see [3]). A bush having root of degree 1 will be called a tall
bush (it is also called a planted bush), while a bush having root of degree at least
2 or equal to 0 (in the case of the empty bush, consisting only of the root) will
be called a short bush. Thus, the small Schr'oder number Sn gives the number of
short bushes with n + 1 leaves. Let S(z) be the generating function of the small
Schr'oder numbers, i.e. S(z)= S0 + S1z + S2z2 + · · · . Then the generating function
T (z) for the number of short bushes according to number of leaves is given by
T (z)= zS(z). Since a short bush with root of degree k can be identi*ed with a
k-tuple of short bushes, with the preservation of the total number of leaves, it fol-
lows that the generating function of the short bushes with root of degree k is Tk .
Consequently,
T − z=T 2 + T 3 + T 4 + · · · : (1)
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The term z in the left-hand side of the above equation relates to the empty bush, con-
sisting only of the root, which has to be viewed as a leaf. Taking into account that
T = zS; from (1) we obtain
2zS2 − (1 + z)S + 1=0: (2)
Let R(z) be the generating function of the large Schr'oder numbers, i.e. R(z)=R0 +
R1z+R2z2+· · · . Making use of de*nition (I), decomposing the set of all Schr'oder paths
into the empty path, the set of paths that start with a (2; 0) step, and the set of paths
that start with a (1; 1) step, and applying to the latter the *rst return decomposition, 1
one can easily derive that
R=1 + zR+ zR2: (3)
An elementary computation shows that the combinatorially meaningful solutions S
and R in (2) and (3), respectively, satisfy
R=2S − 1;
from which Rn =2Sn for n¿ 1.
3. A bijective proof
In this section we give a bijective proof of the relation Rn =2Sn for n¿ 1. Let Sn
denote the set of short bushes with n+1 leaves and let Bn denote the set of all bushes
with n+ 1 leaves. Clearly,
|Bn|=2|Sn|=2Sn;
since the short and the tall bushes with the same number of leaves are in an obvious
bijection.
Let Rn denote the set of all Schr'oder paths of semilength n. By de*nition,
|Rn|=Rn:
Before we de*ne a bijection between the sets Bn and Rn we introduce the following
terminology. If 	∈Bn; then the following edges of 	 will be called excess edges:
(a) every edge emanating from the root with the exception of the leftmost edge;
(b) every edge emanating from a nonroot node with the exception of the two extreme
edges.
In Fig. 1a the excess edges are shown with dashed lines. The only bushes that have
no excess edges are the planted full binary trees.
1 This means the factorization of the path by cutting it at its *rst return to the horizontal axis.
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Fig. 1.
Now we de*ne a bijection 
 :Bn → Rn. If 	∈Bn; then 
(	) is obtained in the
following manner: traverse 	 from the left in a preorder manner so that when each
edge is encountered for the *rst time
(i) do nothing for the *rst edge;
(ii) draw a (1; 1) step for the leftmost edge emanating from a nonroot node;
(iii) draw a (2; 0) step for an excess edge;
(iv) draw a (1;−1) step for the rightmost edge emanating from a nonroot node.
It is easy to see that the semilength of the Schr'oder path 
(	) is equal to the number
of edges less the number of internal nodes. This, in turn is equal to one less than
the number of leaves. Consequently, 
(	)∈Rn. Conversely, given a Schr'oder path
∈Rn; we draw a tree in a preorder manner by the following rule: we start with
an edge and, then, traversing  from left to right, for each up step (i.e., (1; 1)) we
draw a leftmost edge, for each horizontal step we draw an excess edge and for each
down step (i.e., (1;−1)) we draw a rightmost edge emanating from the appropriate
node.
Fig. 1 illustrates the bijection. The edges of the tree are numbered in a preorder
manner, starting with 0, while the steps of the Schr'oder path are numbered in se-
quence, starting with 1. By de*nition, these steps correspond to the edges having
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Fig. 2.
the same identi*cation number. In Fig. 2 we give the correspondences between all
bushes with 1, 2, and 3 leaves and all Schr'oder paths of semilength 0, 1, and 2,
respectively.
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